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Abstract 

If fi(x) is multivariate normal with mean μ and covariance Ʃ, we can easily calculate these 

rates. When the parameter is not known a number of error rates may be defined. The function 

T (R, F) defines the error rates. The first argument is the presumed distribution of the 

observation that will be classified. 
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1. Introduction 

One of the objectives of evaluating a discriminant function is to determine its performance in 

the classification of function observations. When the parameters are known, the error rate is 

T(R, f) =  q1∫R2 f1(x)dx + q2∫R1f2(x)dx                                               (3.57) 

This is the error rate that would hold if we know the parameters of the distribution. The 

optimum classification region is   

𝑅1 = {𝑋:𝐷1(𝑋) = [𝑋 − 1/2(𝜇1 + 𝜇2)]′∑
−1(𝜇1 − 𝜇2)

> 0}                                                      (3.58) 
   And 

𝑅2 = {𝑋:𝐷1(𝑋) = [𝑋 −
1

2(𝜇1 + 𝜇2)
]
′

∑−1(𝜇1 − 𝜇2)

> 0}                                                                                                       (3.59) 

The error rates within each group are 

𝑃1 = ∫𝑅2𝑓1(𝑥)𝑑𝑥

                    = 𝑃[𝐷1(𝑥) < 0|𝑥 ∈ 𝜋1]

= 𝛷(−𝛿/2)

             }                                                      (3.60)                                                     

𝑃2 = ∫𝑅2𝑓1(𝑥)𝑑𝑥

                    = 𝑃[𝐷1(𝑥) > 0|𝑥 ∈ 𝜋2]

= 𝛷(−𝛿/2)

             }                                                                  (3.61) 
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T(R,F) = 𝑞1𝛷(−𝛿/2) + 𝑞2𝛷(𝛿/2) 
=  1/2𝛷(−𝛿/2) + 1/2𝛷(𝛿/2)  

= 𝛷 (−
𝛿

2
)                                                                  (3.62)  

This is the error rate for assessing the expected performance of a particular discriminant 

function.  

The actual error rate is  

 T(R, f) =  q1 ∫R2 f1(x)dx + q2 ∫R1f2(x)dx                                  (3.63) 
  Where 

   𝑅̂1 = {𝑋: 𝐷𝑠(𝑋) = [𝑋 − 
1
2⁄ (𝑋̅1 + 𝑋̅2) ] ′𝑆

−1(𝑋̅1 − 𝑋̅2) > 0}  

                         

𝑃1 = ∫𝑅̂2𝑓1
(𝑥)𝑑𝑥

                    = 𝑃[𝐷𝑠(𝑥) < 0|𝑥 ∈ 𝜋1]

= 𝛷 [
−𝐷𝑠(𝜇1)

√𝑉𝐷
]

             

}
 
 

 
 

                                                        (3.64)      

     Where 

                    𝐷𝑠(𝜇1)  = [𝜇1 −
1
2⁄ (𝑋̅1 + 𝑋̅2)′𝑆

−1(𝑋̅1 − 𝑋̅2)]  

               𝑉𝐷  =  (𝑋̅1 − 𝑋̅2)′𝑆
−1𝛴𝑆−1(𝑋̅1 − 𝑋̅2) 

                          𝑃2 = ∫
𝑅̂1
𝑓2(𝑥)𝑑𝑥 

= 𝑃[𝐷𝑠(𝑥) > 0|𝑥 ∈ 𝜋1]

= 𝛷 [
𝐷𝑠(𝜇2)

√𝑉𝐷
]

}                                                          (3.65) 

               Where 

                    𝐷𝑠(𝜇2)  = [𝜇2 −
1
2⁄ (𝑋̅1 + 𝑋̅2)′𝑆

−1(𝑋̅1 − 𝑋̅2)] 

     𝑇(𝑅̂, 𝑓)  = 1
2⁄  𝛷 [

−𝐷𝑠(𝜇1)

√𝑉𝐷
]  + 1 2⁄ 𝛷 [

𝐷𝑠(𝜇2)

√𝑉𝐷
]                                                (3.66) 

This formula will not be of much use unless the estimates of μ1, μ2 and  
Σ are used. The actual error rates are most needed when performing sampling 

experiments. 

While the actual error rates are of interest in assessing the expected performance of 

a particular discriminant function, the expected error rates, obtained by considering 

  𝑋̅1, 𝑋̅2 and S in 𝑃𝑖  = 𝛷 [(−1)
1 𝐷𝑠(𝑈𝑖)

√𝑉𝐷
]  𝑖 = 1,2                                                  (3.67) 

As random variables are more appropriate when considering the expected 

Performance of the classification rule based on randomly chosen samples of sizes  

n1 and n2 from π1 and π2 respectively. 

The sample discriminant function for discriminating between two groups is 𝐷𝑠(X)  

= [𝑋 − 1 2⁄ (𝑋̅1 + 𝑋̅2)]′𝑆
−1(𝑋̅1 − 𝑋̅2) and its mean in the ith group is   

Ds(Ui) = [𝑈𝑖 −
1
2⁄ (𝑋̅1 + 𝑋̅2)]

′𝑆−1(𝑋̅1−𝑋̅2)
                                (3.68) 

and variance is 

     𝑉𝐷  =  (𝑋̅1 − 𝑋̅2)
′𝑆−1𝛴𝑆−1(𝑋̅1 − 𝑋̅2)                                                     (3.69) 

We consider estimates of P1 and P2, the conditional probabilities of misclassification by 

replacing DS(Ui) and VD by their expected values over all samples of size n1 and n2. We 

need expectation of S-1 and S-1ΣS-1 

Lachenbruch (1968) has shown that 
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𝐸(𝑆−1) =  
 

𝑛1  + 𝑛2  −  2

𝑛1  +  𝑛2  −  𝑘 −  3
𝛴−1

= 𝐶1𝛴
−1

}                                (3.70) 

  And 

E(S−1ΣS−1)

=

(𝑛1  + 𝑛2  −  3)(𝑛1  + 𝑛2  −  2)
2Σ−1

(𝑛1  + 𝑛2  − 𝑘 −  2)(𝑛1  + 𝑛2  − 𝑘 − 3)(𝑛1  + 𝑛2  −  𝑘 −  5)

=  𝐶2𝛴
−1

}                                          (3.71) 

                  Therefore 

 E[Ds(Ui)]  =  trE[Ds(μi)] 
        = 𝑡𝑟𝐸{(𝑋̅1 − 𝑋̅2)[𝜇1 − (𝑋̅1 + 𝑋̅2)]′𝑆

−1}  

          = trE {[(𝑋̅1 − 𝑋̅2)𝜇𝑖 −
1
2⁄ (𝑋̅1𝑋̅1

1
+ 1 2⁄ 𝑋̅2𝑋̅2

1
)] C1Σ

−1} 

       =  tr [(μ1  −  μ2)μ1
1Σ−1 − 1 2⁄ [

𝑛1 −𝑛2

𝑛1𝑛2
] − 1 2⁄ (μ1  +  μ2)

1Σ−1(μ1  −  μ2)C1] 

      = 1 2⁄ (μ1  −  μ2)
1Σ−1(μ1  −  μ2)(−1)

i+1 − k [
𝑛2 −𝑛1

𝑛1𝑛2
]                          (3.72) 

Where 

      𝛿2  =  (μ1  −  μ2)
1Σ−1 (μ1  −  μ2) 

Similarly, we have for 

         E(VD)  =  E(𝑋̅1 − 𝑋̅2)
1S−1Σ−1S−1(𝑋̅1 − 𝑋̅2) 

         = trE[(𝑋̅1 − 𝑋̅2)(𝑋̅1 − 𝑋̅2)
1S−1Σ−1S−1] 

         = trE[(𝑋̅1 − 𝑋̅2)(𝑋̅1 − 𝑋̅2)
1Σ−1]C2  

         = tr{[(μ1  −  μ2)(μ1  − μ2)
1 + (1 n1⁄ + 1 n2⁄ )Σ]Σ−1}C2   

   = C2  [(μ1  −  μ2)
1Σ−1(μ1  −  μ2) + k [

𝑛2 −𝑛1

𝑛1𝑛2
]]                                  (3.73) 

Thus 

E[Ds(µ1)] =  n, + n2 – 2      δ2 (-1) – k(n2 – n1)     

  2(n1+n2-k-3)  

  k(n2 – n1)  (n1+n2-3) (n1+n2-2)2                                      

E(VD)   =   δ2 +     n1n2 (n1+n2-k-2) (n1+n2-k-3) (n1+n2-k-5)                        (3.74) 

Lachenbruch (1968) stated that although 𝐷𝑠(𝑋) 𝑖𝑠 normally distributed conditionally  

 On 𝑋̅1, 𝑋̅2 and S, it is not unconditionally normally distributed. For 𝑛1 and 𝑛2  sufficiently 

large, the conditional is very close to normal. The approximately values of 𝑃1 and 𝑃2 for 

samples of sizes 𝑛1 and 𝑛2are  

P1 = Φ     E[-Ds(µ1)]                    (3.75)      

   

  √VD 

and 

P2 = Φ     E[-Ds(µ2)]                    (3.76)       

  

  √VD 

𝑃̅1𝑎𝑛𝑑 𝑃̅2 𝑎𝑟𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛𝑠 𝑡𝑜 𝑡ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 actual error rate over all samples of size 

𝑛1and n2 . It might be noted that most of the methods suggested estimates, the expected 

actual error rate. The simplest estimator of the actual error rate 

P1 = Φ   (-1)1    Ds(µ1)  

√VD   

i = 1, 2 is the D method obtained by replacing the parameters in it by their samples based 

estimators. This yields estimators 
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𝑃̂1 = 𝑃̂2 = 𝛷(−
𝐷
2⁄ )                       (3.77) 

This estimator is clearly also obtained by estimating δ2 by D2 in the expression for the 

optimum error rate 

T(R,f) = ϕ(−δ/2) 

The re-substitution method has the advantages of being, to calculate and not requiring 

distributional assumptions. However, it is seriously biased and underestimates the expected  

actual error. Another estimate of the expected actual error rate based on the expected mean  

and variance of 𝐷𝑠 (𝑋) is the Ū-method. Lachenbruch (1968) used this approach to determine  

the necessary sample size to be within a given tolerance of its optimum error rate. 

A simple estimator of the expected actual error rate is obtained by replacing δ2 by its unbiased 

estimator 

D*2 = n-k-l   D2 - K(n1 + n2)                  (3.78)      

  

  n          n1n2 

where 

n = n1 + n2 - 2  

This yields 

P1 = Φ   ½   (n-k-l)D2     -  k(n,+n2)                     (3.79)     

      n     n1  n2 

The apparent drawback of this estimator is that it can produce a negative estimate of the  

Mahalanobis distance. Costanza and Afifi (1979) have shown that this can be only occur if  

the two samples are so close together as to make any classification a dubious proposition and  

that the use of the estimator with zero replacing any negative distance is satisfactory.  

Okamoto’s expansion for the distribution of the two-group sample discriminant function 

Ds(X) also estimates the expected actual error rate. Fatti, Hawkins and Raath (1982) have 

also shown given differences between some of the estimators expected actual error rate.   
Hills (1966) has shown that the expected actual error rate is less than the optimum  

Error rate, whereas the actual error rate is in fact greater than it. Thus we have 

E[Φ(−D/2)] < Φ(-δ/2) < Φ(−D/2)                              (3.80) 
Onyeagu and Adegboye (1996) compare the seven methods of estimating error rates  

by sampling experiments. These methods are the R, D, DS, O, OS, U and U̅  

methods. Since the classification rule is invariant under the linear transformation of the 

variates, the distribution of the discriminant function could be made to be independent of 

the covariance matrix and to depend only on δ2, n1, n2
 and K. They set   ∑  = 1, 

𝑢1 =0,𝑈2= (𝛿0.....0)′ where δ varied from 0.5 to 2.0. Since the mean vector for each group was 

known, it was possible to determine the exact probability of misclassification for each 

sample discriminant function.  

Onyeagu and Adegboye (1996) generated sample of size 𝑛1𝑎𝑛𝑑 𝑛2from Nk (0k 1)  

((δ0. . . . 0)′, 1) respectively using the standard program NAG. This was done on a CYBER 

72 computer system. This generation of data was done for some configuration of 

𝑛1, 𝑛2, 𝛿
2 𝑎𝑛𝑑 𝑘. The experiment was repeated five times and the mean for each 

combinationδ of 𝑛1, 𝑛2, 𝛿
2and k recorded.  

Onyeagu and Adegboye (1996) concluded that with small samples and small values of 

𝛿2, 𝑡ℎ𝑒 OS method is the best estimator of P(MC). For small number of variables, it is the 

D method that performed best. When 𝑛1 𝑎𝑛𝑑 𝑛2 are varied from 50 and 38 to 100 and 75, 

the OS, D and DS methods are the best estimators of the probability of misclassification 

P(MC). The OS and D are also best for increasing values of δ2. Finally as k increases from 

3 to 10 the best overall methods are the D DS methods. No one method was found to be 

uniformly best for all situations. In all combinations of 𝑛1, 𝑛2, 𝛿
2 𝑎𝑛𝑑 𝑘 considered the R 
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method performed worse that all the methods followed by U and O methods.  

Onyeagu and Adegboye (1996) concluded that the R, U and O methods are in no way 

competing with the D, DS, OS and 𝑈̅ 𝑚𝑒𝑡ℎ𝑜𝑑𝑠 and therefore should not be considered as 

good procedures for estimating the probability of misclassification P(MC). 
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